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$N=\{1,2, \ldots, n\}$ , $v(\emptyset)=0$
$v:2^{N}arrow \mathbb{R}$ . , $v(S)$ , $S\in 2^{N}$
. , ,
$\mathcal{G}$ .
$g:\mathcal{G}arrow \mathbb{R}^{n}$ , , Shapley
, Banzhaf , Banzhaf . ,
.
1 [5] $\beta:\mathcal{G}arrow \mathbb{R}^{n}$ , Banzhaf .
$‘ \mathit{6}_{i}(v)$ $=$
$\frac{1}{2^{n}}\sum_{s\subseteq N}\{v(S\cup\{i\})-v(S\backslash \{i\})\}=\frac{1}{2^{n-1}}\sum_{s\subseteq N\backslash \{i\}}\{v(S\cup\{i\})-v(S)\}$
Owen $[10, 11]$ , $v$ , Shapley ,
Banzhaf . n f:Rn-$\rangle$ R
, $f(p_{1}, \ldots,p_{n})=\sum_{S\subseteq N}C_{S}\prod_{j\in S}p_{j}$ $C_{S}(S\subseteq N)$ .




$S\in 2^{N}$ $\alpha^{S}\in\{0,1\}^{N}$ , – – .
1 $[10, 11]$ $T\subseteq N$ $f(\alpha^{T})=v(T)$ $f$ : $\mathbb{R}^{n}arrow \mathbb{R}$
– , .
$f^{v}(p_{1}, \ldots,p_{n})$ $=$ $\sum_{s\subseteq N}[\prod_{\in S}p_{j}\prod_{j\not\in s}(1-p_{j})]v(S)=\sum_{s\subseteq N}\prod_{j\in S}p_{j}\sum_{T\subseteq s}(-1)^{|S|-|T|}v(S)$
$f^{v}(p_{1}, \ldots,p_{n})$ $[0,1]^{N}$ , $v$
(multilinear extension, MLE) .
, Shapley , Banzhaf .
, $f^{v}$ 1 ,
$\partial_{i}f^{v}(p_{1}, \ldots,p_{n})$ , .
$\partial_{i}f^{v}(p_{1}, \ldots,p_{n})=\sum_{s\subseteq N,S\ni i}\prod_{j\in Si\neq i}p_{j}\prod_{j\not\in s}(1-p_{j})[v(S)-v(S\backslash \{i\})]$
Shapley Banzhaf , $\partial_{i}f^{v}$ .
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2 $[10, 11]$ Shapley $\phi_{i}$ Banzhaf $\beta_{i}$ , .
$\beta_{i}(v)=\int_{0}^{1}\cdots\int_{0}^{1}\partial_{i}f^{v}((p_{1}, \ldots,p_{n}))dp_{n}\cdots dp_{1}=\partial_{i}f^{v}(\frac{1}{2}$
$\cdot$ . . ’ $\frac{1}{2})$
$\phi_{i}(v)=\int_{0}^{1}\partial_{i}f^{v}((p,p, \ldots,p))dp$
, Straffin [12] .
( $i$ ), –
Banzhaf , ( $i\in N$ $=p$
), p – Shapley .
2.2.
$N=\{1, \ldots, n\}$ . , $N$
, $N$ $[0,1]$ – . , , $[0,1]^{N}$
. , , .





. , 2 , .
1 ( $i$ $s_{i}$ ),
$i$
$s_{i}$ – , $i$
Banzhaf , (
$i\in N$ $s_{i}=s$ ), $i$ $s_{i}$ –
, $i$ Shapley .
– $C^{1}$ , Diagonal
value , Branzei [9].
23.
, Bolger $[7, 8]$ ,
. $R=\{1,2, \ldots, r\}$ . ,
1 ,
.
3 [1, 7, 8] $Z=(Z_{k})_{k\in R}$ $N$
, .
1. $Z_{k}\subseteq N,$ $\forall k\in R$
2. $Z_{k}$ $Z_{l}=\emptyset,$ $\forall k,$ $l\in R;k\neq l$
3. $\bigcup_{k\in R}Z_{k}=N$
216
, $N$ $R$ – ,
$R^{N}$ .
, .
4 [1, 7, 8] $m’$ : $R^{N}arrow \mathbb{R}^{r}$ .
$m’(Z)=(m_{1}’(Z), \ldots, m_{r}’(Z))$
$m_{k}’(Z)=0\forall k\in R,$ $\mathrm{s}.\mathrm{t}$ . $Z_{k}=\emptyset$
$m_{k}’(Z)$ , $Z$ ,
$Z_{k}$ . $r=1$ , –
, $r=2$ , $m_{1}’$ – .







5 $\mathrm{Y}=(\mathrm{Y}_{k})_{k\in R}$ $N$ ,
.
1. $\mathrm{Y}_{k}\subseteq N,$ $\forall k\in R$
2. $\mathrm{Y}_{k}\cap \mathrm{Y}_{l}=\emptyset,$ $\forall k\neq l$
, $N$ $R\cup\{0\}$ – ,
$(R\cup\{0\})^{N}$ . $\mathrm{Y}\in(R\cup\{0\})^{N}$ , $\mathrm{Y}_{0}=N\backslash \bigcup_{l\in R}\mathrm{Y}_{l}$
, $=(R\cup\{0\})^{N}\backslash \{(\emptyset, \ldots, \emptyset)\}$ . ,
.
6 $m$ : $(R\cup\{0\})^{N}arrow \mathbb{R}^{r}$ .
$m(Y)=(m_{1}(Y), \ldots, m_{r}(\mathrm{Y}))$






$=\emptyset$ $m_{k}(Y)=0$ $m:(R\cup\{0\})^{N}arrow \mathrm{R}$ , $N$
$\mathrm{Y}=(\mathrm{Y}_{1}, \ldots, Y_{r})$ $R\cup\{r+1\}=\{1, \ldots, r,r+1\}$
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$N$ $Z=(Y_{1}, \ldots, Y_{r}, N\backslash \bigcup_{j=1}^{r}Y_{j})$ 1 1 , $m(Z)=$
$(m(Y), 0)$ , $m$ $r+1$ .









$m’$ : $A_{r}arrow R^{r}$ ,
st. $m’(s)=(m_{1}’(s), \ldots, m_{r}’(s))$
$m_{k}’(s)=0, \forall k\in R;\sum_{i\in N}s_{i,k}=0$
, $A_{r}= \{s=((s_{i,\iota})_{l\in R})_{i\in N}\in(\{0,1\}^{R})^{N}|\sum_{l=1}^{r}s_{i,l}=1,\forall i\in N\}$.
3 , .
$m:B_{r}arrow R^{r}$
$\mathrm{s}.\mathrm{t}\cdot$ . $m(s)=(m_{1}(s)_{:}\ldots, m_{r}(s))$
$m_{k}(s)=0,\forall k\in R$ if $\sum_{k\in R}\sum_{i\in N}s_{i,k}=0$
, $B_{r}= \{s=((s_{i,1})_{\mathrm{t}\in R})_{i\in N}\in(\{0,1\}^{R})^{N}|\sum_{l=1}^{r}s_{i,\iota}\leq 1,\forall i\in N\}$ .
4 , .
$v$ : $\{0,1\}^{N}arrow \mathbb{R}\mathrm{s}.\mathrm{t}$ . $v(\mathrm{O}, \ldots, 0)=0$
, $\{0,1\}^{N}$ $B_{1}= \{s=(s_{i})_{\iota\in N},\in\{0,1\}^{N}|\sum_{l=1}^{r} Si\leq 1,\forall i\in N\}$ .
, $\{0,1\}^{N}$ $A_{r}(r\in \mathrm{N})$ . $r=2$ $m’$
, – .
2,3,4 ,









7 $i\in N$ $\sum_{k\in R}s_{i,k}\leq 1$ $s=((s_{1,l})_{l\in R})_{\iota’\in N}\in([0,1]^{R})^{N}$
.
$MFA$ . , $MFA= \{s=((s_{i,l})_{l\in R})_{i\in N}\in([0,1]^{R})^{N}|\sum_{k\in R}s_{i,k}\leq 1,\forall i\in$
$N\}\subseteq[0,1]^{nr}$ .
$B_{r}= \{s=((s_{i,l})_{l\in R})_{i\in N}\in(\{0,1\}^{R})^{N}|\sum_{l=1}^{\gamma}s_{i,l}\leq 1$ ,
$\forall i\in N\}$ , .
5 $MFA$ $(r!)^{-n}$ .
8 $mf$ : $MFAarrow \mathbb{R}^{r}$ .
1. $mf(s)=(mf_{1}(s), \ldots, mf_{r}(s))$
2. $mf_{k}(s)=0,\forall k\in R$ if $\sum_{l\in R}\sum_{i\in N}s_{i,l}=0$
$r=1$ , – .
$\mathcal{M}\mathcal{F}\mathcal{G}$ . $k\in R$ $mf_{k}\in \mathcal{M}F\mathcal{G}$
1 ,
$mf$ $\mathcal{M}F\mathcal{G}_{1}$ .
$\mathcal{M}\mathcal{F}\mathcal{G}’\subseteq \mathcal{M}F\mathcal{G}$ $f$ : $\mathcal{M}F\mathcal{G}’arrow \mathbb{R}^{nr}$ $\mathcal{M}F\mathcal{G}’$




$\forall\alpha_{1},$ $\alpha_{2}\in R,mf_{1},$ $mf_{2},$ $\alpha_{1}mf_{1}+\alpha_{2}mf_{2}\in \mathcal{M}F\mathcal{G}’$
$\pi$ : $Narrow N$ , $\Pi(N)$ . $\pi\in\Pi(N)$ ,
$s\in MFA,$ $k\in R$ , $\pi(s)_{i,k}=s_{\pi(i),k}$ , $\pi mf\in \mathcal{M}\mathcal{F}\mathcal{G}$
$mf\in \mathcal{M}F\mathcal{G},$ $s\in MFA$ $\pi mf(\pi(s))=mf(s)$ . ,
.
2( )
$g\pi(i)(\pi mf)=g_{i}(mf)$ , $\forall i\in N,\pi\in\Pi(N),$ $mf\in \mathcal{M}F\mathcal{G}’$
$s=((s_{i,l})_{l\in R})_{i\in N}\in MFA$ $s_{i,k}$ $t_{i,k}$
$(s_{-(\mathfrak{i},k)}, t_{i,k})$ . $s\in MFA$ $0 \leq t_{i,k}\leq 1-\sum_{\mathrm{t}\neq k}$
$mf_{k}(s_{-(:,k)},t_{i,k})=0$ , $i$ $k$
. , .
3 ( )
$mf\in \mathcal{M}\mathcal{F}\mathcal{G}’$ , $i$ $k$
, $g_{k}(mf)=0.$ .
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$mf\in \mathcal{M}F\mathcal{G}_{1}$ , $s_{i,k}(i\in N, k\in R)$ 1 ,
mf(((s:,x)l\in R))i\in N) , ,
$i$ $k$
. $i$ $k$ .









10 $f:R^{nr}arrow \mathbb{R}$ ,
$f((p_{1,l})_{l\in R}, \ldots, (p_{n},|.)_{l\in R})=\sum_{(S_{1},\ldots,S_{r})\in R_{0}^{N}}C_{(S_{1},\ldots,S_{f})}\prod_{\iota\in Rj}\prod_{\in s_{l}}p_{j,l}$
$C_{(S_{1},\ldots,S_{r})}\in R,$ $(S_{1}, \ldots, S_{r})\in$ , $f$
.
, . $(S_{l})_{l\in R}\in$




3 $m$ , $k\in R$ . $(S_{\mathrm{t}})_{l\in R}\in 1^{N}$ ,
$f((p_{1,p}^{(S_{l})_{l\in R}})_{p\in R}, \ldots, (p_{n,p}^{(S_{l})\iota\in R})_{p\in R})=m_{k}((S_{l})_{l\in R})$ $f$ : $\mathbb{R}^{nr}arrow$
$\mathbb{R}$ – , .
$f((p_{1,l})_{l\in R}, \ldots, (p_{n,l})_{l\in R})$





, $\mathcal{M}\mathcal{F}\mathcal{G}MLE$ . MLE ,
220
, 1 ,
. , $\mathcal{M}\mathcal{F}\mathcal{G}MLE\subseteq \mathcal{M}F\mathcal{G}_{1}$ .




1MLE $mf\in \mathcal{M}F\mathcal{G}MLE$ $i$
$k$ Banzhaf , $m$
.
$mf$ $\mapsto$ $(r!)^{n} \int_{MFA}\partial_{i,k}mf(s)ds=\frac{1}{(r+1)^{n-1}}\sum\{m_{k}(S\cup\{i\}_{k})-m_{k}(S)\}(S_{l})_{l\in R}\in R_{0}^{N};S_{0}\ni i$
$r=1$ , ( ) Banzhaf – . ,
MLE Banzhaf
.






2 , $r=1$ 2 – .
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